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Abstract
The status of the Baire Category Theorem in ZF (i.e., Zermelo–Fraenkel set theory without the
Axiom of Choice) is investigated.
Typical results:
1. The Baire Category Theorem holds for compact pseudometric spaces.
2. The Axiom of Countable Choice is equivalent to the Baire Category Theorem for countable
products of compact pseudometric spaces.
3. The Axiom of Dependent Choice is equivalent to the Baire Category Theorem for countable
products of compact Hausdorff spaces.
4. The Baire Category Theorem for B-compact regular spaces is equivalent to the conjunction of
the Axiom of Dependent Choice and the Weak Ultrafilter Theorem. Ó 2000 Elsevier Science B.V. All
rights reserved.
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Introduction
The purpose of this note is to investigate how much “choice” is needed for the various
forms of the Baire Category Theorem to hold in ZF (i.e., in Zermelo–Fraenkel set theory
without the Axiom of Choice). For investigations with similar scope see [2,7], and
particularly [4].
First, we list some definitions and known results.
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Definition 0.1. N is the set of positive integers.
Definition 0.2 (Axiom of Choice; AC). For each family (Xi)i∈I of non-empty sets, the
product set
∏
i∈I Xi is non-empty.
Definition 0.3 (Axiom of Countable Choice; CC). For each sequence (Xn)n∈N of non-
empty sets, the product set
∏
n∈NXn is non-empty.
Definition 0.4 (Axiom of Dependent Choice; DC). If φ is a (binary) relation on a non-
empty set such that
∀x ∈X ∃y ∈X xφy,
then
∃(xn) ∈XN ∀n ∈N xnφxn+1.
Definition 0.5 (Axiom of Countable Multiple Choice; CMC). For each sequence (Xn)n∈N
of non-empty sets, there exists a sequence (Yn)n∈N of non-empty, finite sets with Yn ⊂Xn
for each n.
Definition 0.6 (Axiom of Dependent Multiple Choice; DMC). If φ is a (binary) relation
on a non-empty set, such that ∀x ∈ X ∃y ∈ X xφy , then there exists a sequence (Xn) of
finite, non-empty subsets of X, such that
∀n ∈N ∀ x ∈Xn ∃ y ∈Xn+1 xφy.
Definition 0.7 (Boolean Prime Ideal Theorem; PIT). Every non-trivial Boolean algebra
has a prime ideal; equivalently: every filter on a set can be extended to an ultrafilter.
Definition 0.8 (Countable Ultrafilter Theorem; CUT). On each set, every filter with a
countable base can be extended to an ultrafilter.
Definition 0.9 (Weak Ultrafilter Theorem; WUT). Every infinite set contains a free
ultrafilter (i.e., an ultrafilter U with ⋂U= ∅).
Definition 0.10. Let (X,d) be a pseudometric space.
(1) For x ∈X and r a positive real, S(x, r)= {y ∈X | d(x, y) < r} is the open ball with
center x and radius r .
(2) (X,d) is complete provided every Cauchy-sequence converges in (X,d).
(3) (X,d) is called totally bounded provided for each positive real r there exists a finite
subset Y of X with
X =
⋃{
S(y, r) | y ∈ Y}.
Definition 0.11. A grill on a set X is a collection of subsets of X satisfying the following
conditions:
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(1) X ∈G and ∅ /∈G,
(2) (A∪B) ∈G↔ (A ∈G or B ∈G).
A grill G converges to x in a space X provided that G contains all neighborhoods of x
as members.
Definition 0.12. A topological (or pseudometric) space X is called
(1) compact provided that every open cover of X contains a finite cover;
equivalently: every filter has an accumulation point in X;
equivalently: every grill converges in X (cf. [10]),
(2) countably compact, provided that every countable open cover of X contains a finite
cover;
equivalently: every filter with a countable base has an accumulation point in X,
(3) sequentially compact provided that every sequence in X has a convergent subse-
quence,
(4) Baire provided that X is either empty or satisfies the following equivalent
conditions:
(a) X is not the union of a sequence (An) of nowhere dense sets in X,
(b) the intersection of any sequence (Dn) of dense, open subsets ofX is non-empty.
Theorem 0.13 (Baire Category Theorem). In ZFC, i.e., ZF with the Axiom of Choice:
(1) every complete pseudometric space is Baire;
(2) every compact Hausdorff space is Baire.
From now on we will work in ZF.
The following results are known:
Theorem 0.14 [4]. Every separable complete pseudometric space is Baire.
Theorem 0.15 [1]. Equivalent are:
(1) every totally bounded complete pseudometric space is Baire,
(2) every second countable complete pseudometric space is Baire,
(3) the Axiom of Countable Choice.
Theorem 0.16 [2,8]. Equivalent are:
(1) every complete pseudometric space is Baire,
(2) every complete metric space is Baire,
(3) for every discrete space X the space XN is Baire,
(4) the Axiom of Dependent Choice.
Theorem 0.17 [7]. Equivalent are:
(1) every compact Hausdorff space is Baire,
(2) the Axiom of Dependent Multiple Choice.
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1. Results
Our first result provides a positive answer to a question posed by Brunner [4].
Theorem 1.1. Countably compact pseudometric spaces are Baire.
Proof. Let (Dn) be a sequence of dense, open subsets of a non-empty, countably compact
pseudometric space. Construct, via induction, a sequence of pairs (mn,An), consisting of
positive integers mn and non-empty open subsets An of X, as follows:
m0 =min
{
k ∈N | ∃ x ∈D0, dist(x,X\D0) > 1k
}
, (1)
A0 =
{
x ∈D0 | dist(x,X\D0) > 1m0
}
.
mn+1 =min
{
k ∈N | ∃ x ∈ (Dn+1 ∩An), dist
(
x,X\(Dn+1 ∩An)
)
> 1
k
}
, (2)
An+1 =
{
x ∈Dn+1 ∩An | dist
(
x,X\(Dn+1 ∩An)
)
> 1
mn+1
}
.
Then An+1 ⊂ clAn+1 ⊂ (An ∩ Dn). Thus, by countable compactness, ∅ 6= ⋂An =⋂
clAn ⊂⋂Dn. Hence ⋂Dn 6= ∅. 2
Theorem 1.2. Equivalent are:
(1) countable products of compact pseudometric spaces are Baire,
(2) countable products of compact pseudometric spaces are compact,
(3) for each compact pseudometric space X, the space XN is Baire,
(4) for each compact pseudometric space X, the space XN is compact,
(5) the Axiom of Countable Choice.
Proof. (5)⇒ (2) Let ((Xn, dn)) be a sequence of compact pseudometric spaces. Then
d
(
(xn), (yn)
)=max{min{dn(xn, yn), 1n} | n ∈N}
defines a pseudometric on the product X=∏Xn that induces the product topology. Since
each (Xn, dn) is complete and totally bounded so is (X,d). Thus (5) implies (see [1,
Corollary 4.5]) that (X,d) is compact.
(2)⇒ (1) and (4)⇒ (3) Immediate from Theorem 1.1.
(1)⇒ (3) and (2)⇒ (4) Obvious.
(3)⇒ (5) Let (Xn) be a sequence of non-empty setsXn. Define a compact pseudometric
space (X,d) by
X = {(0,0)}∪⋃
n∈N
(
Xn × {n}
)
and
d
(
(x,n), (y,n)
)=

0, if n+m= 0,
1
n
+ 1
m
, if n ·m= 0 and n+m 6= 0,∣∣ 1
n
− 1
m
∣∣, if n ·m 6= 0.
In the product space (X,d)N, for each n ∈N the set
Dn =
⋃
m∈N
pi−1m
[
Xn × {n}
]
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is open and dense. Thus, by (3), D =⋂n∈NDn 6= ∅. Let (dn)= ((yn,mn)) be an element
ofD. Then the sequence (dn)meets eachXm×{m}, thus the sequence (yn)meets eachXm.
Hence the sequence (xn), defined by xn = ymin{m∈N|ym∈Xn}, is an element of
∏
n∈NXn. 2
Proposition 1.3. The Axiom of Dependent Choice implies that countable products of
compact spaces are compact.
Proof. Immediate from the following lemma. (Cf. also [4,9,13].) 2
Lemma 1.4. If G is a grill in X× Y , piX[G] converges to x in X, and Y is compact, then
there exists y ∈ Y such that G converges to (x, y) in X× Y .
Proof. Assume that no such y exists. Then the collection A of all open sets A of Y for
whom there exists a neighborhood U of x in X with (U × A) /∈ G, is an open cover
of Y . By compactness there exists a finite subset B of A that covers Y . Select for each
B ∈ B a neighborhood UB of x in X with (UB × B) /∈ G Then U =⋂{UB | B ∈ B}
is a neighborhood of x in X with (U × B) /∈ G for each B ∈B. Since G is a grill this
implies
pi−1X [U ] =U × Y =U ×
⋃
B=
⋃
{U ×B | B ∈B} /∈G;
a contradiction, since piX[G] converges to x in X. 2
Definition 1.5. For every set X we denote by αX the Alexandroff-one-point-compactifi-
cation of the discrete space X.
Theorem 1.6 (cf. [4]). Equivalent are:
(1) Countable products of compact Hausdorff spaces are Baire,
(2) (a) countable products of compact (Hausdorff ) spaces are compact and
(b) each compact Hausdorff space is Baire,
(3) for each set X, the space (αX)N is Baire.
(4) the Axiom of Dependent Choice.
Proof. (1)⇒ (3) Immediate since each space αX is compact Hausdorff.
(3)⇒ (4) As a ready adaption of the corresponding proof in [2] we get the following:
LetX be a non-empty set and % a relation on X such that for each x ∈X there exists a y in
X with x%y . Form the space Y = (αX)N . For each n ∈N the set Bn of all (xn) ∈XN with
the property
∀m6 n ∃k >m xm%xk
is dense and open in Y . Thus (3) implies ⋂n Bn 6= ∅.
Pick a point (xn) in
⋂
n Bn and define a sequence (an) by induction:
a0 = x0,
an+1 = xmin{m|an%xm}.
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Thus an%an+1 for each n. Hence (4) holds.
(4)⇒ (2) By Proposition 1.3, (4)⇒ (2a). That (4)⇒ (2b) is straightforward.
(2)⇒ (1) Immediate. 2
Remarks 1.7.
(1) (2a) does not imply (2b): There are models (see [14]) that satisfy the Axiom of
Countable Choice and the Boolean Prime Ideal Theorem, hence (2a); but not (4),
hence not (2b).
(2) The question whether (2b) implies (2a)—equivalently, whether the Axioms of
Dependent Multiple Choice and of Dependent Choice are equivalent—remains
open. However, there are models in ZF0 (Zermelo Fraenkel with atoms) that satisfy
(2b) but not (4), hence not (2a). See [3,15].
(3) As is well known (2a) (without Hausdorff) implies the Axiom of Countable
Choice (whether the converse holds is still unknown, see [13]), and (2a) (including
Hausdorff) implies the Axiom of Countable Choice for finite sets.
(4) The preceding observations connect Theorem 1.6 with the fact (see [3]) that the
Axiom of Dependent Choice (= (4)) is equivalent to the conjunction of the Axiom of
Dependent Multiple Choice (∼= (2b) via Theorem 0.17) and the Axiom of Countable
Choice for finite sets.
2. Variations
In the above the terms complete and compact have their familiar meanings. What
happens if we replace these concepts by different ones that are equivalent to the familiar
ones in the presence of the Axiom of Choice?
Consider the following concepts:
Definition 2.1.
(1) A pseudometric space X is called filter-complete, provided that each Cauchy filter
in X converges.
(2) A topological space X is called B-compact provided that each ultrafilter in X
converges.
Proposition 2.2. Equivalent are:
(1) filter-complete = complete,
(2) the Axiom of Countable Choice.
Proof. (1)⇒ (2) If (2) fails there exists a sequence (Xn) of pairwise disjoint non-empty
sets such that each sequence in
⋃
n Xn meets only finitely many members Xn (see [12]).
Thus the pseudometric space (X,d), defined by
X =
⋃
n
(
Xn × {n}
)
and
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d
(
(x,n), (y,m)
)= {∣∣ 1n − 1m ∣∣, if n 6=m,
0, if n=m,
is complete, but not filter-complete since the filter
F = {F ⊂X | ∃n ∀m> n (Xm × {m})⊂ F}
is a Cauchy filter on (X,d) (i.e., for every ε > 0 there exists an F in F whose diameter is
smaller than ε) that fails to converge in (X,d). Hence (1) fails.
(2)⇒ (1) LetF be a Cauchy filter inX. By (2) there is a sequence (Fn) of members ofF
with diamFn < 2−n. Again by (2) there exists an element (xn) in
∏
n Fn. By construction
(xn) is a Cauchy-sequence in X. If (xn)→ x , then F→ x . 2
Proposition 2.3. Each filter-complete, second countable pseudometric space is Baire.
Proof. Straightforward. 2
Remark 2.4. The precise set-theoretic status of the statement that filter-complete, totally
bounded pseudometric spaces are Baire still eludes us. We have partial results only. If,
however, total boundedness would be replaced by filter-total-boundedness (meaning that
each filter can be extended to a Cauchy filter), then filter-complete, filter-totally-bounded
pseudometric spaces would be compact, thus—by Theorem 1.1—Baire.
Lemma 2.5. Every filter-complete, totally bounded pseudometric space is B-compact.
Proof. Let U be an ultrafilter in a pseudometric space X. If X is totally bounded then U,
being a grill, is a Cauchy filter. Thus, if X is complete, U converges. 2
Proposition 2.6. Consider the conditions (1)–(4) below. Then (1)⇒ (2)⇒ (3)⇒ (4).
(1) The Countable Ultrafilter Theorem.
(2) Every B-compact (pseudo)metric space is Baire.
(3) Every filter-complete, totally bounded (pseudo)metric space is Baire.
(4) The Axiom of Countable Choice for finite sets.
Proof. (1) ⇒ (2) In view of Theorem 1.1 it suffices to show that every B-compact
pseudometric space X is countably compact, i.e., that in X each filter F with a countable
base has an accumulation point. By (1), F is contained in some ultrafilter U. By B-
compactness, U converges to some x . Thus x is an accumulation point of F .
(2)⇒ (3) Immediate from Lemma 2.5.
(3) ⇒ (4) If (4) fails, then there exists a sequence (Xn) of finite non-empty sets such
that each countable set meets only finitely many Xn’s. (Cf. [12].) Let∞ be an element not
contained in
⋃
n∈NXn. Consider for each n ∈N the metric space (Yn, dn) with
Yn =Xn ∪ {∞} and
dn(x, y)=
{0, if x = y,
1
n
, if x 6= y.
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Then the metric space (X,d), defined by
X =
∏
n∈N
Yn and d
(
(xn), (yn)
)=max{dn(xn, yn) | n ∈N}
is non-empty, filter-complete and totally bounded.
Moreover, for each n ∈ N the set Dn =⋃n6m pi−1m [Xm] is open and dense in (X,d).
Thus, by (3),
D =
⋂
n∈N
Dn 6= ∅.
But for each element (dn) of D the countable set {dn | n ∈N} meets infinitely many of the
set Xn, contradicting the assumption. 2
Remark 2.7.
(1) The conditions (1) and (4) of the above proposition are not equivalent. Indeed, in
Feferman’s Model, model M 2 in [15], CUT fails but the Axiom of Countable
Choice for finite sets is true.
(2) The conditions (2) and (3) of the above proposition are independent of the Axiom
of Countable Multiple Choice, since there are models of ZF that respectively
(a) satisfy the Boolean Prime Ideal Theorem, hence (2) and (3), but not the Axiom
of Countable Multiple Choice. In Mostowski’s Linearly Ordered Model, see
[15], Model N 3, the Boolean Prime Ideal Theorem holds but the Axiom of
Countable Multiple Choice fails;
(b) satisfy the Axiom of Countable Multiple Choice, but not the Axiom of
Countable Choice, hence neither (2) nor (3). In the Second Fraenkel Model,
see [15], Model N 2, the Axiom of Countable Multiple Choice is true but the
Axiom of Countable choice fails.
(3) The condition that complete, totally bounded pseudometric spaces are Baire is prop-
erly stronger than the condition that filter-complete, totally bounded pseudomet-
ric spaces are Baire, since there are models of ZF that satisfy the Boolean Prime
Ideal Theorem but not the Axiom of Countable Choice. As we have seen in 2(a), in
N 3, the Boolean Prime Ideal Theorem holds but the Axiom of Countable Multiple
Choice fails and consequently the Axiom of Countable Choice fails also.
(4) Condition (2) implies that there exists a free ultrafilter on N (see the proof of
Theorem 2.10 below).
Proposition 2.8. Equivalent are:
(1) every sequentially compact pseudometric space is Baire,
(2) every sequentially compact, totally bounded pseudometric space is Baire,
(3) the Axiom of Countable Choice.
Proof. (1)⇒ (2) Obvious.
(2) ⇒ (3) Assume that (3) fails. Then (see [12]) there exists a sequence (Xn) of
non-empty sets such that each countable set meets only finitely many Xn’s. Construct a
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sequentially compact, totally bounded pseudometric space (X,d) as follows: Let φ :N→
{r ∈Q | 06 r 6 1} be a bijection, and define:
X =
⋃
n∈N
(
Xn × {n}
)
,
d
(
(x,n), (y,m)
)= ∣∣φ(n)− φ(m)∣∣.
Since each Xn × {n} is nowhere dense in the space (X,d), the latter is not Baire;
contradicting (2).
(3) ⇒ (1) Immediate in view of Theorem 1.1 and the fact that (3) implies that every
sequentially compact pseudometric space is compact. 2
Proposition 2.9 [11]. Equivalent are:
(1) B-compact = compact,
(2) the Boolean Prime Ideal Theorem.
Theorem 2.10. Equivalent are:
(1) every B-compact regular space is Baire,
(2) (a) the Axiom of Dependent Choice and
(b) the Weak Ultrafilter Theorem,
(3) (a) the Axiom of Dependent Choice and
(b) N has a free ultrafilter,
(4) (a) the Axiom of Dependent Choice and
(b) the Countable Ultrafilter Theorem.
Proof. (1) ⇒ (3) Since, for each set X, the space (αX)N is B-compact and regular, (1)
implies, via Theorem 1.6, that (3a) holds. If (3b) would fail, then there would be no free
ultrafilter onQ. ThusQ, supplied with its standard topology, would be a B-compact regular
space that fails to be Baire, contradicting (1).
(3) ⇒ (4) Let F be a filter on X with a base (Fn)n∈N. Define Gn = ⋂ni=1 Fi . If⋂
n Gn 6= ∅, there is a fixed ultrafilter containing F . Otherwise we may assume without
loss of generality that Hn = Gn\Gn+1 6= ∅ for each n. By (a) there exists an element
(xn) ∈∏n Hn. If U is a free ultrafilter on N, then
G= {G⊂X | {n | xn ∈G} ∈ U}
is an ultrafilter on X with F ⊂G.
(4)⇒ (1) Let X be a non-emptyB-compact regular space, and let (An) be a sequence of
nowhere dense subsets of X. By means of (4a) and regularity of X one obtains a sequence
(Fn) of open subsets of X satisfying
(a) An ∩ clFn = ∅ for each n,
(b) F0 ⊃ clF1 ⊃ F1 ⊃ clF2 ⊃ F2 ⊃ · · ·.
By (4b) the filter, generated by {Fn | n ∈ N} is contained in some ultrafilter U. By B-
compactness of X, U converges to some point x ∈ X. Consequently x ∈⋂n clFn thus
x /∈⋃n An.
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(3)⇒ (2) Let X be an infinite set. By (3a), X is Dedekind-infinite, i.e., there exists an
injection ϕ :N→ X. If U is a free ultrafilter on N, then {V ⊂ X | ϕ−1[V ] ∈ U} is a free
ultrafilter on X.
(2)⇒ (3) Obvious. 2
Remarks 2.11.
(1) The conditions (2b), (3b), and (4b) together do not imply condition (2a), since there
are models (see [14]) that satisfy the Boolean Prime Ideal Theorem but no the Axiom
of Dependent Choice.
(2) The Weak Ultrafilter theorem is strictly weaker than the Boolean Prime Ideal
Theorem. See, e.g., [15].
(3) The Axiom of Dependent Choice does not imply the Weak Ultrafilter Theorem. See
[6] and [17].
(4) Condition (4a) can be replaced by the Axiom of Dependent Multiple Choice. Thus,
in the presence of the Countable Ultrafilter Theorem, the Axiom of Dependent
Choice is equivalent to the Axiom of Dependent Multiple Choice. It is an open
problem whether this equivalence holds without any restrictions.
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